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Small-Angle Neutron Scattering from Elastomeric Networks.
Application to Labeled Chains Containing Several Cross-Links!
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ABSTRACT: The scattering law for polymer chains in rubber networks has been calculated for the case where
the labeled chains contain multiple cross-links. Emphasis is placed on changes in molecular dimensions induced
by stretching or swelling. The results differ appreciably from the scattering of end-linked chains in polymer
networks in two important ways. First, the chains with multiple cross-links exhibit the anisotropy of macroscopic
deformation to a greater extent than end-linked chains. Second, junction fluctuations have a profound influence
on chain shape in end-linked chains and are of much less importance in the multilinked case. Since anisotropy
in chain deformation is higher in multilinked labeled chains that deform affinely in the mean coordinates,
it is relatively easy to determine whether the affine model is valid in real materials. Comparison of the calculation
with the one published experiment indicates that deformation on the molecular scale is less than would be

expected.

I. Introduction

The molecular dimensions of polymer molecules in bulk
can be determined by small-angle neutron scattering
(SANS).12 This is achieved by replacing some of the
polymer by deuterium-labeled chains.

The SANS method has been exploited in following the
changes in molecular dimensions upon stretching or
swelling of elastomers as well.>® All these experiments
except those of Clough et al.> were performed with net-
works composed of end-linked polymer molecules, and the
theory of SANS for rubbers has been developed for these
materials.> 1

As model rubbers, the end-linked networks are, in
principle, more easily characterized and because chain
lengths may be kept uniform, more regular in their
structure. In general, they are more troublesome to pre-
pare than randomly cross-linked networks. Incomplete
cross-linking changes the elastic properties of a network
substantially and can lead to incorrect interpretation of
otherwise carefully performed experiments. The errors
thus induced are greater for end-linked networks and also
more serious if the network is trifunctional.

Networks constructed with multiple cross-links on a
labeled chain tend to be irregular with variable distances
between cross-links and variable numbers of cross-link
junctions per chain. The influence of defects is not serious
if the number of cross-links per original polymer molecule
is sufficiently large.

*Work supported in part by National Science Foundation Grant
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Deuterated polymer chains incorporated in a network
by end-linking are randomly arranged, and therefore the
scattering from such an assembly is the sum of the con-
tributions from each molecule, with no contribution from
interactions between different molecules. Labeled polymer
molecules incorporated into a network with multiple
cross-links are also randomly arranged, but the various
submolecules between cross-links originating from the
same prepolymer molecule are coherently arranged, and
contributions from pairs of monomer units on different
submolecules must be included in the scattering formulas.

As will be seen, the scattering from multiply-linked
elastomers is very different from that of end-linked elas-
tomers, and this difference can be extremely useful in
assessing the reliability of models of rubber elasticity.

II. Scattering Theory for Multiply-Linked
Elastomers

The excess coherent elastic neutron scattering from
D-labeled polymer chains in an H matrix is given by

I(@) = A(bp - by)*McS(q) oy

In this equation, I(q) is the scattering intensity at a wave
vector q, @ = (27/A)(k - ky) (where k; and k are unit
vectors in the directions of incident and scattered rays),
A is the wavelength of the neutrons, and the magnitude
of q equals (47 /M) sin (8/2) (where 6 is the angle between
ko and k). A is a lumped constant containing machine
parameters and some physical constants, by and bp are
scattering lengths of H and D monomer units, M is the
molecular weight of the polymer, and c is the concentration
in grams per milliliter. S(q), the scattering law or particle

© 1982 American Chemical Society
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Figure 1. Schematic diagram of a multiply-cross-linked polymer
chain in a polymer network. The vector r;; connects monomer
unit i, which is in the second submolecule, to monomer unit j,
which is in the tenth submolecule.

scattering factor, is a representation of the ensemble av-
erage shape and size of the labeled molecules in the net-
work. It is given by

1 .
S(q) = v %(exp(lq-rw o)

The quantity r;; is the vector connecting monomer i to
monomer j. There are N monomer units in a polymer
molecule, and the sum is carried out over all units i and
J in a single polymer molecule. The labeled molecules are
taken to be randomly arranged, and there is no contribu-
tion to the coherent scattering from monomer units on
different chains.

Consider a polymer molecule cross-linked at & points.
The chain is divided into & + 1 submolecules, two of which
are dangling ends that do not deform as the network is
stretched. To simplify the calculation, we take all sub-
molecules to be of equal length, each containing n mono-
mers, from which it follows that n(k + 1) = N. Figure 1
is a schematic model of such a chain. It is to be noted that
i and j can have several relative arrangements in the
network, and the contribution to the scattering of each pair
will depend on these arrangements. The cross-link points
are pinned to the network, and these are presumed to move
with the macroscopic deformation of the material. The
distribution of monomers in space is governed by Gaussian
statistics subject to the constraints imposed on the
cross-link junctions. Table I contains a classification of
the various ways segments i and j are distributed on the
polymer molecule and the multiplicity of each arrange-
ment. In working through the calculations of S(q), one
must treat the different cases separately. It is evident from
the multiplicity that term E becomes dominant as & be-
comes large.

Regardless of the constraints on the molecule, the
probability that monomer units i and j are separated by
r; is of the form A exp(-a,x;% - azy; - azz;), a,, a3, and
a; differing when the system is anisotropically deformed.
Accordingly, S(q) may be written

1 1
]_V; EGXP[—g(sz(xﬁz) + Qyz(yijz) + Qz2<zij2>)]
3)

The task of calculation is considerably simplified since the
scattering law is completely determined by the mean

S(q) =

Macromolecules

Table 1
Arrangements of Monomer Units i and j on Submolecules
of a Labeled Network Chain

case type multiplicity
A iandjare both on the same 2
end submolecule
B iand/ are on different 2

end submolecules

C one unit is on an end submolecule 4(k ~ 1)
and the other on an
internal submolecule

D iandj are on the same k-1
internal submolecule

i and j are on different

internal submolecules

(k= 1)k - 2)

square distance between pairs of monomer units.

The calculation of S(q) in the general anisotropic case
is most easily followed by consideration of one of the
Cartesian components. The results depend on the rela-
tionship between the macroscopic deformation and mo-
lecular deformation. For this purpose, we have based the
analysis on the phantom network model, noting that sev-
eral variants of that model may be encompassed within
the analysis with only minor modifications of the calcu-
lation. The phantom network is characterized as follows:

1. The network deforms affinely so that the macroscopic
deformation of the sample and the deformation of the
mean vectors connecting cross-link points are the same.
Monomer units between cross-link points are free to move
consistent with constraints imposed at the cross-links.

2. Neither the volume occupied by monomer units nor
the blocking of one chain’s deformation by the material
presence of other chains is directly taken into account in
calculation of chain statistics or chain deformation.

3. Submolecules with the same number of monomer
units have very different mean end-to-end distances. This
arises because of topological constraints and because of the
volume displaced by other parts of the network. The
distribution of mean end-to-end distances in the ensemble
is Gaussian.

4. The junction points fluctuate in position owing to
Brownian motion. In the phantom network model, these
fluctuations are calculable and large, depend strongly on
network functionality, are isotropic, and are independent
of sample deformation and the mean distance between
chain ends. Using an overbar to designate a time average
and angular brackets to designate an ensemble average,
we have

Z=2+6Z (4a)
(Z%) = (2% + ((82)") (5)

where Z is the z component of the vector connecting the
ends of a submolecule and éZ is the instantaneous fluc-
tuation from a mean position. It follows from eq 5 and
the independence of ((6Z)?) on deformation that (Z?) does
not deform affinely.

Consider next the mean square moments for each of the
cases listed in Table I. The reduced variables u, v, and
w are introduced to simplify the equations. If the mono-
mer units are numbered from 1 to N, u equals the fraction
of monomers to the left of i in the same submolecule. In
particular, if i is on the pth submolecule (out of 2 + 1),
u =1i/n-p. Similarly, v = j/n - p, and w, which is only
used if i and j are on the same submolecule, = |i - ji/n.
The cross-link points are labeled with the vector coordi-
nates Ry, R, ..., R, and the Cartesian coordinates of R,
are (X,, Y,, Z,). The shorthand notation R;, = Ry - R,
and R,, = R, = R, is used. The Cartesian components
are similarly labeled.
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Figure 2. Diagram of a uniaxially stretched polymer sample in
the geometry of a neutron scattering spectrometer.

In case A, the monomer units are unaffected by network
deformation

(z;4) = nbw/3 (6)

b is the length of a monomer unit. Case B differs in that
the separation of segments is influenced by sample de-
formation. Thus

2
&P = '—’330 Cut )+ (Zyd) @)

For case C, (z,-jz) is obtained by summing three terms,
the distance from segment i to the first cross-link, the
distance from the first cross-link to the pth cross-link, and
the distance between the pth cross-link and monomer j.
The result is

(2,7 =
(n}b2/3)(1 - u) +(Z,%) + (nb?/3)v(1 - v) + V¥ Z, p11?)
(8)
Case D is identical with that for end-linked chains.!
(2;%) = (nb?/3)w(l - w) + w*(Zp?) 9)

Case E is calculated for monomer i lying between
cross-link p and p + 1 and monomer j lying between
cross-links g and g + 1, g taken for convenience as greater
than p.

(2;2) = (nb?/3)u(l - u) + u*(Z, 54 %) +
(nb?/3)v(1 ~ v) + V¥ Zgu1?) + (Zp41 %) (10)

The summations in eq 3 are converted to integrals ac-
cording to

N E n ~n e E 1 1 _
U};()=§£L()d;dj—n2§££()dudu-
E 1
on2y f ( )1 - w) dw (11)
A 0

The symbol Y_F refers to a sum taken over all categories
of pairs i and j.

To establish a frame of reference for the scattering ex-
periment, we define a coordinate system. A picture of the
arrangement is presented in Figure 2. The neutron beam
impinges on the sample in the negative X direction, and
the detector lies in the YZ plane. Since scattering is at
a small angle, ¢, ~ 0, g, = ¢ sin ¢, and ¢, = g cos ¢, where
¢ is the azimuthal angle measured clockwise from the Z
axis. S(q) becomes

n2 E 1
S(q) = ﬁgffexp[—éq"’((ziﬂ) cos? ¢ +
(¥;7) sin? ¢)] du dv (12)

If the system is deformed isotropically, (y,?) = (z;%) =
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(r;?)/3 and eq 12 reduces to
n? E 1
S(q) = ﬁ%ffexl)[‘ng(rif)] dudv (13)

It is convenient to examine the scattering along the
principal axes of sample deformation. If these are set
parallel to the Y and Z axes, we find

2 E 1
S)(@) = %%ffexp[‘ng(zif)] du dv (14a)

2 E 1
si@=of f exp[—§q2<yij2>] dudo  (14b)

The z component is taken as the parallel direction and
y as perpendicular to correspond to the common uniaxial
deformation case. If deformation is biaxial, the SANS
spectrum must be collected at two different sample ori-
entations in order to completely specify the chain defor-
mation.

The wave vector and unperturbed chain dimensions
appear in the scattering law as a single combined variable
x = nb%q?/6. Henceforth, S(q) will be written as S(x) in
the text. The separate parts of S(x) are as follows:

SHA(x) = 2D1(x)/(k + 1)2 (153)
Di(x) =2(x -1 + e7) /x? (15b)

Case A concerns scattering from the unstretched end of
the polymer chain. The result D;(x) was obtained by
Debye!? for a random Gaussian coil. The factor 2 in eq
15a arises from the multiplicity of two chain ends.

S B(x) = 2Dy(x) exp[-q*(Z;2) /2] /(k + 1)* (16a)
Dy(x) = (1 -e™)/x (16b)

The multiplicity is also twofold as indicated in Table I.
In case C, all monomer pairs are included in which one

monomer is on a dangling end and the other on an internal

submolecule. The result including multiplicity is

k-2
Suc(x) = 4Do(x)Jo(x) Zl exP[_q2<Z1p2>/2]/(k + 1)?
p=
(17a)

Jolx) = J;lexp[—x(u -u?) - uq¥Z,%) /2] du (17b)

The scattering in case D arises from monomer units on
the same submolecule. The calculation is based on the
same argument used for obtaining the scattering

S,P(x) = (k - 1Jy(x) /(k + 1)? (18a)

Ji(x) = 2j;lexp[—x(w - w? - wiq¥(Z,%) /2)(1 - w) dw
(18b)

Scattering from monomer pairs in which each monomer
is in a separate submolecule within the network (not
dangling ends) is given in case E by

S,B(x) =
k-3
2 Zl (kR ~ 2~ p)Jo¥(x) expl-¢*(Z 412 /2] /(k + 1)?

(19)

For a chain with many cross-links, S,F(x) is the dominating
term of S;(x).

While the above calculations are specialized for Sy(x),
generalization to other orientations or to isotropic swelling
is simple. We return to this later when specific results are
discussed.
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As seen from eq 7-10, the mean square distances be-
tween segments is a linear function of the mean square
distance between junctions. This latter is sensitive to
network fluctuations, and the calculation of fluctuations
needs special consideration. It will be shown that fluctu-
ations in neighboring submolecules are strongly coupled.

Fluctuations of Cross-Link Junction Points.
James!® and James and Guth!* showed in their analysis
of the phantom network that the fluctuations of neigh-
boring cross-links were large and that the mean squared
fluctuation was half the mean squared junction-to-junction
distance for a tetrafunctional network. This model was
generalized by Graessley'®!® and further developed by
Flory,'” who showed that for a network of functionality f,
this may be written as

(6Z15%) = (2/H((Z1s0)%) (20)

where ((Z,,9)?) is the unperturbed mean squared dis-
placement equal to nb?/3. The superscript O refers
throughout to distances in the undeformed network.

Consider the fluctuation of the individual junction
points:

Zy=2,-Z, (21a)
6212 = 522 - 6Zl (21b)
<(5Z12)2) = ((522)2) - 2(5Z15Z2) + (5212) (21¢)

All submolecules in this network contain the same number
of segments n, and all junctions are of the same func-
tionality /. Dangling ends are neglected here. It follows
that ((8Z,)%) = ((6Z;)*). The relationship between the
fluctuations of junctions 1 and 2 is needed.

Consider the response of junction 2 to a virtual dis-
placement 8Z; of junction 1. Junction 2 is attached to f
-1 junctions other than junction 1, and its displacement
may be written

62, =6Z,/(F-1) + ¢ (22)

¢ is a displacement arising from an instantaneous dis-
equilibrium of forces to be expected of a system with
Brownian motion. The first term, 6Z,/(f ~ 1), is the
equilibrium displacement of junction 2. The important
point is that ¢ is completely uncorrelated with 8Z; or 6Z,.
Substitution of eq 22 in eq 21c leads with eq 2 to

f-2 0)2

- 1) ((Z15°)*) (23)
This result has been reported by Flory,!® presumably ob-
tained by an argument similar to that given here.

Consider the quantity (8Z,,?), where junctions 1 and p
are separated by p — 2 other junctions along an extended
chain in a polymer network. These two junctions are only
remotely connected by other topological paths through the
network. It follows that

(8Z,2) = ((6Z,)%) + (8Z,%) — 2(8Z,8Z,,) =

2(((62:%)) - ((6Z18Z}))) (24)
The number of junctions that are topological neighbors of
order p — 1 increases geometrically, and the displacement

of each in response to the virtual displacement 6Z de-
creases geometrically. Thus

(5212> =

6z )
6Zp = m + €(x) (25)
Substitution of this result in eq 24
((6Z,9%)
((6Z2,0Z,)) = mj{ (26a)

Macromolecules

(8. = 2L - (f - P12 (26b)
- .

Note that for p = 2, the original result of eq 20 is recovered.
To avoid trivial complications, it is assumed that dangling
ends and other network defects may be ignored in the
fluctuation computation.

Consider the evaluation of (Z;,?)

leo = leo + 6Z1p (27a)
(Z1,0% = ((Z,,9%) + (8Z,,%) (27b)

Since ((Z1,9)%) = (p - Dnd?/3 = (p - D{(Z2")?), eq 26b
yields

2(f — 2)
ff-1

[1 - (f - 1)1_p) ]((Z120)2>
(28)

According to the phantom network model, the quantity
Z deforms affinely and ((5Z)?) is independent of defor-
mation. Therefore

(leZ) = )‘z2<(le0)2) (293)
(Z1p%) = NA(Z0%) + ((6Z,,)) (29b)

((Z,)% = [p -1-

<Z1p2> =

[xﬂp Cp-pz-p 2

ff-1

1-¢-1P) ] (Z1%%)
(29¢)

Note that for p = 2, eq 29 reduces to
(Z:%) = [N = (W2 - DE/HNEZRDHD (30)

a result that figures prominently in the SANS calculations
for end-linked elastomers. The result of eq 29 is used in
the SANS calculation of S B(x), §,°(x), and S E(x) as re-
quired in eq 16a, 17a, and 19.

By combining eq 26b and 29, one may calculate the
fluctuations between a pair of cross-links relative to the
mean square distance. (5Z;,?) is of the order of !/3((Z;,%)?)
and increases only modestly as p varies from 2 to much
higher values (eq 26b). However, (Z,,?) is proportional
to p - 1, and the relative fluctuation (6Z;,%)/(Z,?) itself
decreases as p. To restate this, fluctuations of the
junctions become less important as the junction points are
separated by more submolecules. This is a result of the
strong coupling of fluctuations of neighboring cross-links.
It leads to important differences between the neutron
scattering of end-linked and multiply-linked labeled chains.

It has been argued that junction fluctuations are suf-
ficiently impeded by surrounding molecules that it is best
to ignore them entirely. This is a view that is no longer
generally accepted, but it is worthwhile to carry through
the calculation with this assumption and to compare the
results with experiments. The pertinent results are ob-
tained from the equations for (Z?), eq 29 and 30, by letting
the network functionality approach infinity. It is easy to
understand why this is a natural result of the theory. The
greater the functionality, the greater the elastic restoring
force on a cross-link junction. Accordingly, the potential
energy change associated with a virtual displacement in-
creases with f, and the mean square magnitude of the
fluctuation diminishes, approaching zero in the limit.

Junction fluctuations are certainly reduced by repulsive
interactions of neighboring chain components in a real
elastomer. An ingenious analysis of this effect has been
presented by Flory.!® In his view, fluctuations are present
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but are smaller than that in a phantom network. He
presents a persuasive argument that the fluctuations in
a real network are anisotropic. It is implicit in his analysis
that the effect of network entanglements on the forces in
an elastomeric network can be largely understood in terms
of impediments to junction fluctuations, a point of view
currently considered as controversial. The Flory model
has been included in an analysis of SANS of end-linked
elastomeric networks elsewhere.!%? Its introduction into
the theory of multiply-linked networks would not be dif-
ficult. This is not done, in part to avid further compli-
cating the analysis and in part because fluctuations play
only a lesser role in SANS calculations for multiply-linked
elastomers.

Scattering Law and Radius of Gyration. The
scattering law for a stretched elastomer measured parallel
to the stretching direction takes the form

S,(x) = [2D,(x) + 2Do(x) Q1 (x) + 4Dg(x)Jo(x)Ry(x) +
(B — DJy(x) + 2J%(x)S,(x)] /(R + 1)? (31a)

where Dy(x), D;(x), Jy(x), and J;(x) have been defined
earlier,

Qplx) =
exp —x(k p - (A2~ (f )(1 -(f- 1)“’)) (31Db)
: f(f 1)
B) = % Qy(x) (31¢)
p=0
k-3
Sp(x) = ‘; (k ~2 - p)@yx) (31d)

Equations 31a—d are found by substituting (z;?) for each
of the categories in eq 14a. The equation for S, (x) is
obtained from S”(x) by replacing A, by A,.

If an elastomer is uniaxially stretched and if the volume
does not change appreciably with elongation, the notation
A=Aand A\, =), = A"Y2 becomes appropriate and will
be adopted in the following calculations. The scattering
law at an arbitrary angle cannot be obtained by a simple
superposition of S;(x) and S, (x). However, it is directly
obtainable from a knowledge of {(z; 2) and (y,?) (see eq 12),
which have been developed here in deriving S(x) and
S L(x)

Equation 31a (with A replacing },) is also valid for chain
deformation in swollen networks. Of course, the meaning
of A in a swelling experiment is the cube root of the volume
ratio of the swollen to unswollen material, very different
from A, the uniaxial stretch ratio, in a deformation ex-
periment.

In the special case where junctions do not fluctuate, the
functions E,(x) and S,(x) are directly calculable. The
results are

1 — e *MHk-1)
Ryx) = ——— (328)
1 - e
k=2 (k- 1)e™N + ¢k-Dar!
Splx) = Z (32b)
(1 - e—xx, )2

In a polymer network containing randomly distributed
deuterated chains, the radius of gyration of a single chain
is given by an expansion of the particle scattering function

S(x) =1-¢°R2/3 + ... (33)
This is a result for an isotropic system. For an anisotropic

sample, measurement at a particular azimuthal angle ¢
yields the projection of the radius of gyration along that
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direction. One may define R,? by
S,(x) =1-¢°R,2/3 + ... (34a)

where the subscript ¢ refers to the azimuthal angle shown
in Figure 2. Equation 34a when specialized to ¢ = 0 be-
comes

S(x) =1-¢°R2Z/3 + ... (34b)
and at ¢ = 90°

S, (x) =1-¢°R,%2/3 + ... (34¢)
The expansion of eq 31a in powers of x is achieved by

straightforward calculation. Keeping linear terms in x
only, one finds

SH(x) =1- a”x =1- a”nb2q2/6 (35)

where « is the sum of all the coefficients in the expansion
of eq 31a. It follows that

RNZ = a”nb2/2 (368.)

Since (R,%)? the radius of gyratlon of the labeled molecule
in the unstretched polymer, is Nb%/6, where N = n(k +
1), R/? is given by

R?2=3a(RO/(k+1) (36b)
Similarly
R, %2=3a,(R)*/(k+1) (36¢)
Substituting the value of «; found from the expansion of
eq 3la in eq 36D yields in the case of uniaxial stretching
RZ/RY?=1+ (N -D-k+ (f-2)4k+1) X
(k=1)/f-6(T, + 2T, + T3)]/(k + 1)* (37a)
ve=2(f-1)/(f(f-2) (37b)
T, =1~ (-1 (87c)
Ty =ylk-2)+ (1 - (-1 /(f-2)] (37d)
Ty = vk -2)(k-3)/2+
((k=3)(f-1)-(k-2)+ (f-1**/(f-2)? (37e)
Equation 37a is adapted to the special case where
cross-link junctions do not fluctuate by allowing f to be-
come infinite. The result is
R/ (R)? =
14 (W - D[(k—1)(2k2 + 8k + 1)] /2(k + 1) (38)
The expressions for R, ? are obtained by replacing A2 by
Alin eq 37a and 38. R,%/(R,%)? in a swelling experiment
is given by the right side of eq 37a and 38 without change.
Numerical calculations of R %2, R 2, Sy(x), and S (x) are
presented in the following section.
N umerlcal Results. Table II contains calculations of
R,/R and R /R,° for labeled chains with multiple tet-
rafunctlonal Cross- hnks The quantity % is, as above, the
number of cross-links per labeled chain. Results for end-

linked chains are also listed for purposes of comparison.
The formulas for end-linked chains are

= [(RO?%/2][1 + N2~ (N2 - 1)(2/N]  (39a)
(phantom network)
R = [(RS)?/2][1 + M) (39b)
(no junction fluctuations)

Equations for R |2 are based on the above, with A? re-
placed by A1. Some selected results are shown in Figure
3.



1400 Ullman

X
5 e
|0 o
20 o
| 50 ¢
100 »

Figure 3. Ratios R;/R, and R, /R, for a labeled chain containing
multiple cross-links in a tetrafunctional phantom network. E
symbolizes end-linked chains and k is the number of cross-links
per chain.

Ri/R,

Figure 4. Dependence of R;/R, of multiply-cross-linked
phantom networks on functionality is shown at two different
elongations A = 1.5 and A = 3.0. Results are presented with the
number of cross-links per chain varying from 5 to 100. E signifies
end-linked chains.

R,/R | is a measure of molecular anisotropy in an an-
isotropically deformed rubber. Its dependence on cross-
link junction functionality is shown in Figure 4 for mul-
tiply-linked and end-linked networks. At high &, R,/R
approaches the macroscopic anisotropy, A%2. Also, the
dependence on functionality decreases as k increases.

The principal differences between neutron scattering of
end-linked chains and multiply-linked chains are displayed
in the tables and figures. Stated briefly, the following
results are seen.

Macromolecules

XS (x)

Figure 5. Kratky plots, xS(x) vs. x are shown for anisotropically
oriented tetrafunctional networks composed of end-linked chains
and multiply-cross-linked chains at an elongation of A = 1.5: (O)
unperturbed, unstretched Gaussian chain; (A) end-linked chains,
perpendicular orientation; (A) end-linked chains, parallel ori-
entation; (O) multiply-cross-linked chains, & = 5, perpendicular
orientation; (®) multiply-cross-linked chains, k = 5, parallel
orientation; (¢) multiply-cross-linked chains, £ = 100, perpen-
dicular orientation; (4) multiply-cross-linked chains, k = 100,
parallel orientation.
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Figure 6. S,(x) vs. functionality for multiply-cross-linked chains
at three different values of x.

1. Multiply-linked chains deform to a greater extent
than end-linked chains, and both the magnitude of the
deformation and the anisotropy increase with increasing
k.

2. Sensitivity to network functionality is much greater
for end-linked chains.

3. The overall chain deformation for high k approaches
the macroscopic deformation of the sample.

The radius of gyration and its projections along different
directions reflect only the low-angle region of a SANS
experiment. Further information is contained in the
scattering function. Figure 5 contains plots of xS(x) vs.
x for end-linked chains and for multiply-linked chains with
k = 5and k = 100. Results are shown for a tetrafunctional
network in both perpendicular and parallel projection.

In Figure 6, S,(x) is shown at low, intermediate, and high
x at different functionalities. The results at A = 1.5 exhibit
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Table I1
R\ /R,® and R|/R® for Tetrafunctional Multilinked Networks with Comparable Results on End-Linked Networks
end-linked multilinked
A f=4 fixed junctions k=5 k=10 k=20 k=50 k=100
Ry/RY
1.2 1.0536 1.105 1.101 1.139 1.166 1.185 1.192
1.5 1.1456 1.275 1.265 1.358 1.421 1.466 1.483
2.0 1.3229 1.581 1.563 1.740 1.856 1.939 1.969
3.0 1.7321 2.236 2,202 2.530 2,743 2.891 2,944
5.0 2.6458 3.666 3.542 4,148 4,535 4,804 4.900
8.0 4.093 5,701 5.595 6.599 7.237 7.678 7.836
R,/RS
1.2 0.9789 0.9574 0.9591 0.9420 0.9296 0.9202 0.9166
1.5 0.9574 0.9129 0.9163 0.8803 0.8533 0.8327 0.8249
2.0 0.9354 0.8660 0.8715 0.8138 0.7696 0.7349 0.7216
3.0 0.9129 0.8165 0.8242 0.7415 0.6756 0.6219 0.6007
5.0 0.8944 0.7746 0.7844 0.6780 0.5896 0.5140 0.4827
8.0 0.8839 0.7528 0.7610 0.6396 0.5353 0.4418 0.4014
20 Table III
Network Unfolding Calculated from the Experiments of
Clough et al. (Figure 7) and Eq 40
L Ry/R Ry/R, A A¥ @
L 1.12 1.432 1.22 0.53
|5l R /R 1.32 1.80 1.56  0.36
. o 1.42 2.20 1.80 0.42
B 0.91 2.36 1.59 0.36¢
- °

05 | 1
1.0 1.5 20 2.5

Figure 7. Phantom network calculation to compare with the
experiments of Clough, Maconnachie, and Allen. Calculations
are based on f = 4 and k& = 5.

the insensitivity of S(x) to functionality at high k.

Comparison with Experiment. Clough et al.’ mea-
sured B and R ; of polystyrene networks containing 1.95%
of D-tagged chains. These were cross-linked by v radiation
and the number of cross-links per labeled chain is ap-
proximately five. Their experiments with our calculations
for tetrafunctional networks with five cross-links per chain
are presented in Figure 7. It is clear that the calculated
deformation for the multiply-linked phantom network is
much greater than that experimentally cbserved. We have
omitted a number of points obtained by Clough et al. for
R, /R0 at low X because the anisotropy is too small to
justify further analysis.

The network deformation calculated for the fixed-
junction case or for the Flory model of partially inhibited
fluctuations is greater than that of a phantom network and
clearly cannot be invoked to explain the lower anisotropy
found in the SANS experiment. The idea that a network
could unfold with little or no chain deformation upon
swelling was implicit in the early SANS experiments of
Benoit et al.® and elsewhere.'®2! The driving force for
achieving the necessary rearrangement of junction points
is a lower elastic free energy when the chains are deformed
to a lesser degree. This can be achieved without disturbing
the homogeneous distribution of cross-links. It is limited
by topological constraints imposed by the networks and
by the volume occupied by the polymer chains themselves.

¢ Calculated from A*"! = A"}(1 - a) + «, which is the
analogue of eq 40 for perpendicular orientation,

SANS experiments on elastomers containing multiply-
cross-linked labeled chains are particularly suitable for
studying the affine hypothesis. Chain extension is, in
principle, much greater for multiply-linked chains and
therefore easier to measure. Secondly, junction fluctua-
tions and their inhibition are of small importance to the
multiply-linked case.

The network unfolding model is made concrete by de-
fining a A*, which is an ensemble average of the defor-
mation of junction pairs connected by a single submolecule
in the network

A2 =2 (1l-a)+a (40)

The phantom network corresponds to « = 0. If @ = 1, the
chain does not deform at all upon network stretching or
swelling. A* is calculated from the data of Clough et al.
by measuring chain deformation by SANS and setting A*
as that value of A calculated from the phantom network
model. The results are shown in Table III.

Clough et al. compared their experiments with SANS
calculations based on end-linked networks. They were not
able to take into account the importance of multiple
cross-links on a single labeled chain at that time, though
they were aware of the need for a more suitable model.?

III. Discussion and Summary

The calculation of SANS results for the phantom net-
work and fixed-junction model, previously carried out for
end-linked chains, is extended to apply to labeled chains
containing multiple cross-links. The latter shows much
greater sensitivity to network deformation than do end-
linked chains and much less sensitivity to network func-
tionality. For this reason, SANS experiments on multi-
ply-linked networks can exhibit junction rearrangement
easily, since the influence of partially inhibited junction
fluctuations plays a minor role.

If there are many cross-links per single labeled chain,
the monomer units between cross-links are largely con-
strained. Accordingly, the radius of gyration and its
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projections are largely determined by the position of the
cross-links. This is evident in the anisotropy R/R at high
k as shown in Figure 4.

The model chosen for calculation is simpler than a real
randomly cross-linked network. All submolecules contain
n segments, the number of cross-links per chain is constant,
and the functionality of junction points adjoining chain
ends is assumed to be the same as in the rest of the net-
work. These assumptions are quite good if £ = 10 or more.
For small k, a random distribution of cross-link points will
leave some molecules with 1 or 0 cross-links. These do not
contribute to network elasticity nor are they deformed at
equilibrium after stretching. This must be kept in mind
if cross-links are introduced at random.

The direct relationship between polymer chain defor-
mation and the theory of rubber elasticity makes SANS
a unique tool for assessing the validity of several theoretical
models. The theory also predicts swelling phenomena and
elastic forces exerted by rubber in retraction. A compre-
hensive theory must account for these several phenomena,
and ideally the different classes of experiment should be
performed on identical samples. This is still an unfinished
task.
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ABSTRACT: A 3C NMR method is presented for a quantitative determination of the respective comonomer
distributions, the triad distributions, average sequence lengths, and run numbers in ethylene~1-hexene
copolymers. Complete *C NMR chemical shift assignments were formulated after observation of two reference
systems, a poly(1-hexene) and an ethylene—1-hexene copolymer containing only 1.9 mol % 1-hexene. A second
copolymer having 17.3 mol % 1-hexene allowed an observation of all the intermediate connecting sequences
between the extremes of the two reference systems. A subsequent quantitative procedure, which avoids errors
from peak overlap and uncertainties in configurational assignments, was developed by using relative areas
from well-spaced *C NMR spectral regions, defined uniquely in terms of contributing triad sequences. The
method is designed to obtain a triad distribution with the highest possible accuracy, after which, structural
information meaningful to the polymer chemist is extracted.

Introduction

Polyethylene density can be controlled through incor-
poration of a low amount of a 1-olefin, which maintains
polymer chain linearity in an overall configurational sense
but leads to short chain branches randomly spaced along
the polymer backbone. The linear 1l-olefins 1-butene,
1-hexene, and 1-octene are important commercially for this
purpose and result in ethyl, butyl, and hexyl branches in
the respective copolymers. It is interesting to establish just
how these secondary comonomers are incorporated, that
is, the extent to which they exist as isolated branches or
as “clusters” such as 1,3-dialkyl branches, 1,3,5-trialkyl
branches, and so forth. *C NMR is a useful technique for
detecting comonomer sequencing; resonances from as
many as five consecutive units have been uniquely detected
in the 13C NMR spectra of ethylene-propylene!= and
ethylene-1-butene*® copolymers. We recently reported a
13C NMR method* for measuring quantitatively the com-

plete triad sequence distributions and subsequent run
numbers, sequence lengths, and mole fractions in ethyl-
ene—1-butene copolymers and have now extended this
method in principle and technique to a corresponding
analysis of ethylene-1-hexene copolymers. The method
is most dependent upon a set of correct assignments and
an establishment of experimental conditions that lead to
accurate measurements. A complete set of assignments,
based on model copolymers, poly(1-hexene), and known
polymer chemical shift behavior, is reported along with a
discussion of the selection of discrete spectral regions that
ensure an accurate quantitative analysis.

Experimental Section

The 3C NMR spectra were recorded on a Varian XL-200 NMR
spectrometer at 50.3 MHz. Instrument conditions were as follows:
pulse anlge, 90°; pulse delay, 15 s; acquisition time, 1 s; spectral
width, 8000 Hz; number of data points per spectrum, 16K and
double-precision arithmetic employed during data acquisition.
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